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1 Introduction

Is our vacuum metastable? Is the Universe that we live in inherently unstable?
Recent experimental and theoretical works suggest that our vacuum is probably me-

tastable [1–23]. Measurements of Higgs boson and top quark masses indicate that there
should be a “true” vacuum with less energy than the present one [1–24]. Vacuum stability
problems have been discussed in many classical papers [25–36]. It is possible that the current
minimum of the scalar potential is local and a deeper minimum exists or the potential has a
bottomless abyss separated by a finite barrier [see figure 1]. In this situation, the Universe
should eventually tunnel out into some other state, in which the elementary particles and the
laws of physics are different. According to current evidence, the Universe is approximately
13.8 billion years old [37]. Scientists must find an explanation for these facts.

The framework for calculating the decay rate of a vacuum in Quantum Field Theory was
developed by Coleman and collaborators [25–27], inspired by the Kobzarev et al. pioneering
paper [28]. For the vacuum to decay, it must tunnel through an energy barrier, and the
probability, per unit time, per unit volume for this has an exponential factor,

Γ

V
= Ae−β/}, (1.1)

where β is the action of a solution to the Euclidean field equations (the bounce) which
interpolates between metastable (false) and true vacua. This problem is related to many
phenomena in condensed matter, particle physics and cosmology [38–46].

In this article we show that it is possible to have a stable false vacuum in a potential
that is unbounded from below. The remaining of the article is organized as follows. In
section 2, we briefly review the Coleman’s model [25]. In section 3, we investigate the bounce
solutions for some Lagrangians. In section 4, we discuss all the details of the actual evolution
of the bubbles. We also present the results of numerical simulations. Finally, in section 5,
we present the conclusions of our analysis.

2 The model

Consider a Quantum Field Theory described by the Lagrangian

L =
1

2
(∂µφ) (∂µφ)− U(φ), (2.1)
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Figure 1. (a) Potential U(φ) with a “false” vacuum and a “true” vacuum. (b) Potential V (φ) =
−U(φ) for the motion of the fictitious particle. (c) Potential U(φ) showing a barrier separating a
minimum (φ1) and a bottomless abyss. (d) Potential V (φ) = −U(φ), where U(φ) has the shape
shown in figure 1.(c).

where U(φ) possesses two minima φ1, φ3 and a maximum φ2: φ1 < φ2 < φ3, U(φ3) < U(φ1),
U(φ1) = 0 [see figure 1.a]. The classical field equation would be

φtt −∇2φ = −dU(φ)

dφ
. (2.2)

The state φ = φ1 is a false vacuum. It is unstable by quantum effects (e.g. barrier
penetration). The accepted picture is the following. Quantum fluctuations are continually
creating bubbles of true vacuum to materialize in the false vacuum. Once in a while, a
bubble of true vacuum will form large enough so that it is classically energetically favorable
for the bubble to grow. The bubble expands throughout the Universe converting false vacuum
to true.

The Euclidean equation of motion is

φττ +∇2φ =
dU

dφ
, (2.3)

where τ = it is the imaginary time. The boundary conditions of the bounce solution are

φτ (0,x) = 0, (2.4)

lim
τ→±∞

φ(τ,x) = φ1. (2.5)

The integral that yields the action of the bounce is

β =

∫
dτd3x

[
1

2
φ2τ +

1

2
(∇φ)2 + U

]
. (2.6)
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The action β will be finite only if

lim
|x|→∞

φ(τ, x) = φ1. (2.7)

The bounce solution is invariant under four-dimensional Euclidean rotations. Define

ρ ≡ (|x|2 + τ2)1/2. (2.8)

The bounce solution is a function of ρ only. From equation (2.3), we obtain

d2φ

dρ2
+

3

ρ

dφ

dρ
= −dV (φ)

dφ
, (2.9)

where V (φ) = −U(φ) [see figure 1.b]. The conditions for the bounce solutions are now

φρ(0) = 0, (2.10)

lim
ρ→∞

φ(ρ) = φ1. (2.11)

The action β can be calculated using the formula

β = 2π2
∫ ∞
0

dρ ρ3
[

1

2
φ2ρ + U(φ)

]
. (2.12)

We can consider equation (2.9) as the Newton’s equation of motion for a fictitious
particle of unit mass moving in the potential V (φ) [see figure 1.b], where φ is the “particle”
position and ρ is the “time”. There is a dissipative force acting on the particle

Fdis = −3

ρ

dφ

dρ
. (2.13)

The “particle” must be released at rest at time zero. The initial condition must be

φm < φ(0) < φ3. (2.14)

For the bounce solution to exist, the “particle” should come to rest at “time” infinity
at φ1 (i.e. on top of the maximum V (φ1)) [see figure 1.b].

In many articles, the authors use the so-called thin-wall approximation [25] and the φ4

theory as a model. The employed solution is nothing else but the one-dimensional φ4 soliton.
This approach loses all the complexities of the 3+1 dimensional nonlinear field equations. In
the present paper we will show that, for some Lagrangians, the action of the bounce solution
can be arbitrarily large.

3 The bounce solution

Let us return to the motion of the fictitious particle in the potential V (φ) [see figure 1.b].
A particle that starts its motion at a point φ(0) > φm should pass the point φ = φ2 (at
the bottom of the valley) in order to reach the point φ = φ1. We can expect that in a
vicinity of point φ2 the particle makes oscillations. This is true when the potential V (φ)
behaves as V (φ) ∼ (φ2 − φ)2/2 in a neighborhood of point φ = φ2, and we are studying the
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one-dimensional case. For the D = 3 + 1 case, the particle will make damped oscillations
near the point φ = φ2. Nevertheless, the bounce solution can still exist.

Suppose there are potentials for which the motion of the “particle” in a vicinity of
φ = φ2 will be in the overdamped regime. Then if the particle starts its motion at a point
φ(0) > φ2, there will be an overdamped trajectory that will end at point φ = φ2 for ρ→∞.
The particle will never visit the points for which φ < φ2.

Let us define

U(φ) =


a1(φ− φ1)2

2
, for φ < φ12,

−(φ− φ2)4

4
+ ∆2, for φ12 < φ,

(3.1)

where φ = φ12 is a point for which U(φ) and its first derivative are continuous, i.e. a1(φ12 −
φ1)

2/2 = ∆2 − (φ12 − φ2)4/4, and a1(φ12 − φ1) = −(φ − φ2)3. All the solutions with the
conditions

φ(0) > φ2, (3.2a)

dφ

dρ

∣∣∣∣
ρ=0

= 0, (3.2b)

are given by the family of functions

φ(ρ) = φ2 +
Q

1 + Q2

8 ρ
2
, (3.3)

where φ(0) = φ2 +Q. This includes solutions with the initial conditions

φ(0) > φm, (3.4a)

dφ

dρ

∣∣∣∣
ρ

= 0. (3.4b)

Note that the solution (3.3) is the most general solution satisfying the conditions (3.4a)
and (3.4b). If there is another solution, there is no “unicity”. Note also that there exists a
continuum of solutions provided by (3.3), specified by any initial condition φ(0) > φ2.

It does not matter how high the “particle” will be at ρ = 0 in the potential V (φ) [see
figure 1.b], the particle will be stuck at φ = φ2 even for ρ → ∞. It will never visit points
close to φ = φ1. The action of all these solutions is infinite.

In general, for any potential that behaves as U(φ) ' (φ− φ2)4/4 in a neighborhood of
φ = φ2, the motion of the “particle” for D = 3 + 1 will be difficult near the point φ = φ2.

Consider a generalization to the equation (2.9) in a D-dimensional space-time

d2φ

dρ2
+
D − 1

ρ

dφ

dρ
= −dV (φ)

dφ
, (3.5)

where

U(φ) = −V (φ) =
a|φ|3

3
− b|φ|4

4
, a > 0, b > 0. (3.6)

For this potential, φ1 = 0, and φ2 = a/b. We can find the exact bounce solution to equa-
tion (3.5)

φbounce =
Q

1 +Nρ2
, (3.7)

– 4 –



J
C
A
P
0
6
(
2
0
1
8
)
0
3
3

where

Q =
4

4−D
a

b
, (3.8a)

N =
2

(4−D)2
a2

b
. (3.8b)

Notice that the bounce solution is unique in the sense that there is only one initial condition
φ(0) = 4a/(4−D)b for which limρ→∞ φ(ρ) = φ1 ≡ 0.

We would like to remark that as D is increased from D = 1, the “amplitude” Q of the
bounce will increase (see eq. (3.8a)) (φ(0) = Q). In other words, we need an initial condition
with enough potential energy for the “particle” to be able to climb the hill and reach the
point φ = φ1. For larger D, there is more dissipation. So the particle needs more energy.
However, Q → ∞ as D → 4 (!). Something very important happens when D = 3 + 1.
This is an indication that for D = 4, it is very difficult for the “particle” to arrive at point
φ = φ1 = 0. This can be also an evidence that

lim
D→4

β(bounce) =∞. (3.9)

This implies that there exists no finite bounce solution for D = 4.
It is interesting to study Lagrangians where the potential U(φ) behaves as

U(φ) ' (φ− φ1)n1

n1
, near φ = φ1, (3.10a)

U(φ) ' (φ2 − φ)n2

n2
+ ∆2, near φ = φ2, (3.10b)

and

U(φ) ' (φ− φ3)n3

n3
−∆3, near φ = φ3, (3.10c)

where n1 ≥ 2, n2 ≥ 2, and n3 ≥ 2. As n1, n2, n3 and the dimension D increase, the
probability of the formation of bubbles of the “true” vacuum inside the “false” vacuum that
will expand approaches zero. Compare the results of this section with the results discussed
in ref. [47].

In brief, we gave for the first time, a mathematical proof that it is possible to have a
stable false vacuum in a potential that is unbounded from below.

4 Discussion

Consider a chain of coupled pendula. In the continuum limit, this system can be described
by the sine-Gordon equation

φtt − φxx + sinφ = 0. (4.1)

The static kink solution to equation (4.1) is the following

φk = 4 arctan[exp(x)]. (4.2)

This solution is stable [48–52]. However, note that there are pendula that are completely
outside the stable equilibrium φ = 0 (φ = 2π). In fact, for the point x = 0, the pendulum
is at position φ = π, which, for a single pendulum, would be a completely unstable position.

– 5 –
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In the solution given by equation (4.2), the pendulum at position φ = π and those that are
close to that one are sustained by the majority of the pendula, which are close to the stable
position φ = 0 (φ = 2π).

Consider now a chain of linked small balls, which are moving in the potential

U(φ) =
φ2

2
− φ3

3
. (4.3)

The graph of this function is similar to figure 1.c. The equation of motion is

φtt − φxx = −φ+ φ2, (4.4)

whose exact critical-bubble solution [51] can be obtained as

φ(x) =
3

2 cosh2(x/2)
. (4.5)

The unstable equilibrium of the potential is φ2 = 1. For instance, an initial condition
of the form

φ(x, 0) =
1.4

cosh2(x)
, (4.6a)

φt(x, 0) = 0, (4.6b)

would lead to a dynamics where the balls fall to the “left” where the potential well (φ1 = 0)
exists. There are balls situated to the “right” of the unstable equilibrium. However, these
balls will not fall to the “right” (to the “abyss”). The ball outside the potential well are
sustained by the balls that are inside the potential well. We should say that “larger” bubbles
like the following

φ(x, 0) =
1.6

cosh2(x/4)
, (4.7)

will grow for ever.
Let us examine the following equation

φtt −∇2φ = F (φ), (4.8)

where F (φ)=a [φ(φ+2)(2+δ−φ)]2n−1, and n ≥ 3. The potential U(φ) (F (φ)=−dU(φ)/dφ)
for equation (4.8) has the shape shown in figure 1.a with two minima (a “false” vacuum and
a “true” vacuum) and the properties discussed in section 3. In D = 3 + 1 dimensions, the
“balls” that are close to the unstable equilibrium position φ2 = 0 are capable to sustain the
“balls” that are very far away from the equilibrium (including amplitudes that are arbitrarily
large). Initial conditions like the following

φ(x, y, z, 0) = φo +
Q

[1 + b(x2 + y2 + z2)]1/2
, (4.9a)

φt(x, y, z, 0) = 0, (4.9b)

with Q > 0 and b > 0, where all the “balls” are outside the unstable equilibrium, do not lead
to an evolution with the “balls” falling to the “right”.

Note that there are “bubbles”, whose action is infinite and are made mostly of “true”
vacuum, but, nevertheless, do not grow. This means they do not expand throughout the

– 6 –
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Universe converting false vacuum to true. This leads to the conclusion that “normal” bubbles
with finite action and made of “true” vacuum inside the Universe of “false” vacuum will not
grow either.

Let us study an initial condition where the majority of the “balls” are close to the locally
stable equilibrium φ = φ1. In D = 3 + 1, the system is able to sustain any field configuration
with the values of φ as far to the right as we wish from the unstable equilibrium φ = φ2. In
D = 3 + 1 the link between the “balls” is so strong that the “balls” outside the equilibrium
cannot drag those that are inside the equilibrium. Initial conditions in the form

φ(x, y, z, 0) = −2 +A [tanh[B(r + d)]− tanh[B(r − d)]] , (4.10a)

φt(x, y, z, 0) = 0, (4.10b)

will not evolve in such a way that the bubble will expand, and the false vacuum will be
converted to the “true” vacuum.

Figure 2 shows that most bubbles made of “true” vacuum inside a Universe made of
“false” vacuum will collapse very fast. There is a relaxation process such that limt→∞ φ = φ1.

Figure 3.a shows the dynamics of a “bubble” made completely of “true vacuum”. This
bubble is stationary and marginally stable. There is a whole continuum “zone” in config-
uration space with bubbles of different amplitudes and different behaviors of the tails. All
the bubbles in this “zone” are stationary solutions to the field equations. These bubbles are
not asymptotically stable. A perturbation of the bubble will lead to a different stationary
configuration that belongs to the mentioned “zone”. However, the most remarkable fact is
that these bubbles do not expand!

Figure 3.b shows the dynamics of a very large bubble made of “true” vacuum inside a
Universe of “false” vacuum. This bubble does not expand. However, it is so large that its
collapse is very slow. This bubble can be considered a quasi-stationary long-lived structure
that could contain “new physics”. The properties and physical meaning of these structures
will be discussed elsewhere. All bubbles of the “true” vacuum inside a Universe of the “false”
vacuum will collapse.

As a final remark, note that solutions (3.3) are not bounce. We have discussed them for
some given potentials in section 3. However, we have a system with an exact bounce solution
(given by equations (3.7) and (3.8)) which is a unique solution. There is only one initial condi-
tion such that for ρ approaching infinity, φ will be approaching φ1. The bounce solution exists
for D < 4. However, as D → 4, Q → ∞. This shows that limD→4 βbounce = ∞. Indeed, nu-
merical investigations with the ordinary differential equation (2.9) using the Strauss-Vazquez
method [53, 54] show that the “particle” never reaches point φ = φ1. Additionally, using the
general partial differential equation (4.8) we have shown that the bubbles of true vacuum
never expand. The potentials involved in these problems have degenerate critical points in
the sense of René Thom [55], and the solutions near such points have special properties. This
kind of potentials are relevant when we are near criticality [6, 8].

5 Conclusions

We have investigated the bounce solutions in some classes of vacuum decay problems. We
have obtained a rigorous mathematical proof of the fact that it is possible to have a stable
false vacuum in a potential that is unbounded from below (See section 3). This is our actual
and main result. Additionally, using the analysis of the results discussed in sections 3 and 4,

– 7 –



J
C
A
P
0
6
(
2
0
1
8
)
0
3
3

(a) (b)

(c) (d)

(e) (f)

Figure 2. Collapse of bubbles with different contents of “true” vacuum inside a Universe made of
“false” vacuum. Results obtained from the numerical solution of eq. (4.8) in 3 dimensions with the
initial conditions of eq. (4.9) for (a) φo = −2, Q = 3, and b = 27. (b) φo = −2, Q = 4, and b = 85.
(c) φo = −2, Q = 4.001, and b = 5. (d) φo = −2, Q = 4.005, and b = 1. (e) φo = −2, Q = 4.001,
and b = 0.1. (f) φo = −0.1, Q = 0.2, and b = 1. Only the time evolution of the field at z = 0 is
showed. Any other profile will exhibit a similar behavior due to the symmetry of the system.

– 8 –



J
C
A
P
0
6
(
2
0
1
8
)
0
3
3

(a) (b)

Figure 3. (a) A stationary bubble in 3 dimensions mostly made of true vacuum. Results from
numerical simulations of eq. (4.8) for the initial conditions of eq. (4.9) for φo = 0, Q = 0.3, and
b = 0.0027. (b) Results from numerical simulations in 3 dimensions for the initial condition of
eq. (4.10) for B = 5, d = 10 and A = 2.0005. Initially there is a partial collapse of the walls of the
field configuration, but there is no bubble of true vacuum that expands throughout the Universe. Only
the time evolution of the field at z = 0 is showed. Any other profile will exhibit a similar behavior
due to the symmetry of the system.

and the numerical simulations, we can formulate several conjectures. Note that the potential
used in the numerical simulations (eq. (4.8)) has the shape shown in figure 1.a with two finite
minima (a “false” vacuum and a “true” vacuum).

• We conjecture that when the critical points of potential U(φ) are near criticality [6, 8]
(see sections 3 and 4), the bounce solution does not exist or the action of the bounce
solution is arbitrarily large. So the probability of the “false” vacuum decay is exponen-
tially small.

• We conjecture that under the above conditions the bubbles of “true” vacuum inside
a Universe of “false” vacuum will not grow. Thus there is no bubble expansion that
would convert the “false” vacuum to “true”.

• We conjecture (after Turner and Wilczek [32]) that “It is possible that our present
vacuum is metastable, and that, nevertheless, the Universe would have chosen to get
‘hung up’ in it”.
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