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1 Introduction

Self-dual impurity models have gained significant interest in the recent literature [1-4]. In
ref. [1], the ¢* model is coupled to an impurity in a way that preserves one-half of the
so-called Bogomol'nyi-Prasad-Sommerfield (BPS) property. Although the impurity breaks
the translational invariance, Adam et al. argue that this symmetry is somehow restored in
the BPS sector, where the energy of the soliton-impurity solution does not depend on their
mutual distance. Furthermore, they discuss the existence of certain “generalized translational
symmetry” that provides a motion on moduli space that transforms one BPS solution into
another. This avenue of research aims to formulate a model that allows for domain walls
that do not get stuck in impurities.

The existence of the generalized translational symmetry would imply that the binding
energy between the kink and the impurity is zero, and the kink may be translated freely
through the wire, although it changes its shape during this translation. The impurity is
coupled to different terms in the Lagrangian in a non-conventional way. Therefore, soliton-
impurity solutions with zero binding energy will exist, which results in a zero static force
between these solitons and the impurity. A natural question is whether it is possible to
realize such a symmetry generalization experimentally.



In the system discussed in refs. [1, 2], infinitely many energetically equivalent solutions
describe a kink at an arbitrary distance from the impurity. However, and this is a crucial
point, when the kink moves, it is no longer a BPS state. Adam et al. argue that at low speed,
the domain wall dynamics may be approximated by a sequence of BPS states (i.e., a geodesic
motion on the moduli space) describing an adiabatic motion. Even if this model cannot be
realized experimentally, the mere formulation of the problem is an important step.

Another recent development is the explosion of papers dedicated to kinks with power-law
tails (see, for example, refs. [5-9]). Gonzilez and Estrada-Sarlabous [10] investigated the
behavior of kink-antikink long-range interaction forces for the first time. After that, several
papers presented applications of the original results [11-14]. A whole “long-range” movement
is gaining strength throughout the physics community [5-9, 11-28]. Many researchers are
discovering new properties and applications of long-range solitons [6-9].

This article will show that long-range kinks can pass freely through a barrier that will be
effectively “transparent” if some conditions are provided. Also, we will find the conditions
under which the long-range kinks can move through an utterly disordered medium as if there
are no obstacles. Finally, we will introduce the concept of “effective translational symmetry”
based on our findings. Thus, we will be combining ideas from these two current developments:
(i) how to design a wire where impurities are effectively transparent for topological defects
and (ii) kinks with long-range interactions. The article is organized as follows. In section 2,
we briefly review the models of long-range kinks that will be the focus of this study. In
section 3 we overview the implications of the long-range property in the physics of quantum
kinks, Kac-Baker interactions, non-local Josephson electrodynamics, and kink tunneling.
In section 4, we explain all the theoretical aspects of the phenomenon of long-range kink
tunneling. The behavior of the kink is sensitive to the presence of a heterogeneous field F'(x)
and its topological properties: the intervals of x where F(z) < 0, F/(z) > 0, the points where
F(x) =0, etc. The interaction of the long-range kinks with the negative structures of F(x)
is crucial for understanding long-range tunneling. Among all the theoretical results presented
in this section, two models are investigated in deeper detail: one with long tails and another
without long tails. In section 5, we show in numerical simulations that the tunneling of
kinks can be highly enhanced by increasing their long-range character. We show in section 6
that long-range kinks can travel even through a disordered distribution of impurities. In
section 7, we discuss experimental and technological applications. In section 8, we give a
final discussion of our results and conclude in section 9.

2 The models

2.1 Modeling long-range kinks in interaction with other fields

In this section, we introduce the field equations that will be studied in the present article
and briefly review their properties. Consider a real scalar field ¢(z, t), whose dynamic is
described by the Lagrangian density
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Figure 1. Bistable potentials supporting kink-antikink solutions connecting (a) two degenerate
stable states ¢; and ¢3, and (b) one global minimum ¢; (true-vacuum state) and one metastable
state ¢3 (false-vacuum state). In both cases, stable states are separated by a barrier at ¢ = ¢s.
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Figure 2. Potentials with three stable states, ¢1, ¢3, and ¢5, separated by two barriers at ¢ and
¢4. In (a), the minima are degenerated, whereas in (b), the minimum at ¢ = ¢35 has more potential
energy than the other two.

The field equation will be

% ¢ _ dU(g) (2.2)
otz Ox? do
The potential U(¢) is an analytical function of ¢ having three local extrema: two minima at
¢1 and ¢3, and a maximum at ¢o with ¢1 < ¢2 < ¢3, as shown in figure 1. If the potential
U(¢) fulfills the condition U(¢1) = U(¢3), eq. (2.2) has solutions of kink and antikink types
which can move with any constant velocity 0 < |v| < 1.

The existence of a difference between U(¢1) and U(¢ps3) (i.e., A :=U(¢1) —U(p3) # 0)
is equivalent to the action of an effective external force on the solitons [29, 30]. If A >0
(A < 0), there is a force acting on the kink in the negative (positive) direction of the z-axis.
When the initial state is that of an antikink, the existence of A > 0 (A < 0) implies the
action of a force on the antikink in the positive (negative) direction of the z-axis.

For some of the phenomena investigated in the present work, we will consider that U(¢)
has three minima and two maxima (see figure 2). Some of our results are obtained for a
sine-Gordon-like periodic potential U(¢) (see figure 3). All these potentials are known to
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Figure 3. Periodic sine-Gordon-like potential with multiple degenerate equilibrium states separated
by multiple barriers.

support kink and antikink solutions connecting the equilibrium states of the underlying
potential. We will also investigate the motion of kinks in heterogeneous media, which can
be pursued considering the following modification of eq. (2.2),
0% O dU()
otz Oz do

= F(x), (2.3)

where F'(z) accounts for the presence of heterogeneous fields. Similar results can be obtained
for parametrically perturbed equations like the following,

du/(¢)
do

where the role of the zeros of F(z) in eq. (2.3) is played by the local maxima and minima of

=0, (2.4)

g(z) [31]. Most of our results are general and can be applied to any equation of type (2.3) if the
potential U (¢) possesses the properties discussed in this work. Our sound theoretical findings
in general models will be illustrated mostly in numerical experiments of the following equations,
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SEh+b £ S0+ 566~ 1) = F(a), (2:5)

b 82¢¢ 4 9gin2n—1 (g) oS (‘;’) = F(z), (2.6)

where b0¢ /0t is a dissipative term and b is the damping coefficient. The potential for eq. (2.5)
isU(¢) = (1/8n)(¢* —1)*" and for eq. (2.6) isU(¢) = (2/n)sin®*(¢/2). When n = 1, eq. (2.5)
will recover the ¢* equation, and eq. (2.6) will be equivalent to the sine-Gordon model.
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The mass of a kink can be calculated using the formula
¢3
m= [ dé/2U(e). (2.7)
é1
For the potential U(¢) = (1/8n)(¢? — 1)?, the kink’s mass can be calculated using the
explicit formula
22n+1(n!)2
(2n+ 1)!

(2.8)




| n] m| ] m| n] m
1| 0.666667 || 15 | 0.0576543 || 29 | 0.0301714
2| 0377124 || 16 | 0.0541319 || 30 | 0.0291779
3| 0.263932 || 17 | 0.0510152 || 31 | 0.0282479
41 0.203175 || 18 | 0.0482379 || 32 | 0.0273752
5| 0.165204 || 19 | 0.0457475 || 33 | 0.0265549
6 | 0.139210 || 20 | 0.0435016 || 34 | 0.0257823
71 0.120291 || 21 | 0.0414659 || 35 | 0.0250535
8| 0.105903 || 22 | 0.0396123 || 36 | 0.0243646
9 | 0.0945911 || 23 | 0.0379173 || 37 | 0.0237127
10 | 0.0854638 | 24 | 0.0363614 || 38 | 0.0230947
11 | 0.0779436 || 25 | 0.0349282 | 39 | 0.0225081
12 | 0.0716403 || 26 | 0.0336037 || 40 | 0.0219506
13 | 0.0662805 || 27 | 0.032376 || 41 | 0.0214201
14 | 0.0616671 || 28 | 0.0312348

Table 1. Kink’s mass for U(¢) = (1/8n)(¢? — 1)2", following the formula of eq. (2.7).
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Table 2. Kink’s mass for U(¢) = (2/n)sin?"(¢/2), following the formula of eq. (2.7).

As n is increased, the kink’s mass is decreased. The numerical values of the kink’s mass
both for potential U(¢) = (1/8n)(¢? — 1)?" and U(¢) = (2/n)sin®"(¢/2) are shown in
table 1 and table 2.

The behavior of the kink in the tails (i.e., the asymptotic behavior of kinks at infinity)
governs how the kink interacts with other structures and fields placed at some distance from
the kink. The most studied systems in the literature, such as the ¢* and the sine-Gordon
models, have the property that the tails of kink have an exponential behavior at infinity.



Such exponential behavior is deeply rooted in the fact that the kink is connecting Morse
critical points: in the Taylor expansion of the potential (¢) in a neighborhood of the
critical point, the first term different from zero is of the second degree. Nevertheless, when
the first term different from zero in the Taylor expansion is of higher order, kink solutions
tend in a slower way to the critical values, giving rise to the phenomenon of long-range
interactions between kinks [10].

2.1.1 Long-range kink-antikink interactions

Let the degree of the first term different from zero in the Taylor expansion of U(¢) in the
neighborhood of the minima ¢; and ¢3 be 2n (with n > 1). Then, for large values of z, it
is known that the solution fulfills the relation [10]

¢ — ¢; ~ aF, (2.9)

where k = 1/(1—n), with 7 = 1,3. For A # 0, eq. (2.2) has stationary states in the form of bell-
shaped solutions, as shown in figure 4, which are kink-antikink equilibrium states [29]. These
bell-like solutions are known as sphalerons and play an important role in many branches of
physics (see, e.g., ref. [32]). These states exist due to a balance between the mutual attracting
force between the kink and the antikink, which, at a certain critical distance, is balanced by
the effective external force (generated by the fact that A # 0) acting on the kink and antikink
in opposite directions [10, 29]. Similar arguments explained the formation and stability of
similar bell-like solutions in one [33] and two spatial dimensions [30, 34-36]. The bell solutions
are unstable equilibrium states. However, the fact that this equilibrium configuration exists
(at least mathematically) allows calculating the distance d between the inflection points of
the function ¢(z) describing the bell, which can be obtained from the formula [10, 29]

s do
1=V2 ), Ao e (210

Equation (2.10) implicitly contains the function A(d), which measures the attracting inter-
action force between the kink and the antikink.

We are interested in bell-like solutions like that shown in figure 4, which represent a
stationary state of a kink and an antikink, where these excitations have the same asymptotic
behavior as the free kinks and antikinks existing when A = 0. We assume that the perturbation
of the potential U(¢), which produced the difference A # 0, holds without alterations of the
order 2n of the minima. Without loss of generality, we may suppose that ¢ = 0 and ¢3 =1
(this can be obtained by making an affine transformation ¢ — (¢ — ¢1)/(éd3 — ¢1)). In these
new coordinates, the difference U(¢1) —U(p3) is A1 ~ A. We will obtain an evaluation of
the integral in eq. (2.10) for small A; by considering the integral

% do

=V o2 v/ —Din(®)

(2.11)



where py,(¢) is the polynomial of degree 4n in the variable ¢ interpolating U(¢) 2n times
in ¢1 and ¢3, respectively, and once in ¢3, that is

P0)=0 forj=0,1,...,2n—1,
P(1)=0 forj=1,2,...,2n—1,
p4n(¢§) =0 for p4n(1) = Al-

These conditions determine uniquely the polynomial py,(¢), which also fulfills

Pan(9) = ¢*" (85 — @)p2n(0), (2.12)
with )
¢ — ¢ = O |(~A1)7 ], (2.13)
bo — % —0[(-ay=], (2.14)
and

- 1
pon(9) = (1= 6" = O [(=A1)7 | gou(0), (2.15)
where go,(¢) is a polynomial in ¢ of degree 2n. Thus, for 0 < —A; < 1, the integral
in eq. (2.11) is

<Z>

/1/2 \/ (% — — p)2n-1

where K is a constant. Consider the hyperelliptic curve 1? = (¢ — ¢)(1 — ¢)?"~1. After
introducing the new coordinates u := 1/(1 — ¢) and v := /(1 — ¢)™, we obtain the curve

= d*, (2.16)

= (¢5 — 1)u+ 1. We can write the integral in eq. (2.16) in terms of the new coordinates as

b3 1/(1=¢3) gn—2
d**:K/S(w:K/ L qu (2.17)
1/2 ¥(9) 2 v
The above integral can be calculated analytically,
(1—¢3)u
In |[—=5- f =1
/1/( ¢)3) u d n‘ (1—|—]/)2 ’ orn ’
u = n—2 2n—4—2k
2v n—2 v
2 v k
—_ -1 —_— f 1.
(1—¢§)”*1,§( ) ( k )lznszk]’ orn=

Using eq. (2.13), we get

I { O[-In(-A;)], forn=1, (2.18)

(@] {(—AI)IQTTL} , formn>1.

For potentials U(¢) in which the minima are parabolic, the interaction force decreases
exponentially with the increase of the distance. On the other hand, when the minima of U(¢)
behave as U(¢) ~ (¢p—¢;)*>", n > 1, the interaction force decreases with distance as a power law

2n

A~ dion, (2.19)

Kink-antikink interactions have a long-range character in potentials where n > 1. The
interaction force behaves as A ~ d=2 when n — oo.
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Figure 4. Antikink-kink equilibrium state forming a bell-like solution of eq. (2.1). The function A(d)
defined in the text, where d is the distance separating the inflection points, gives a measure of the
kink-antikink interaction force.

2.1.2 Long-range kink-kink interaction

When we have a potential with three minima or more, as shown in figures 2 and 3, kink-kink
structures are possible (see figure 5). In the case of figure 2a, the two kinks are repealing
each other, and they will just move away. However, the situation depicted in figure 2b leads
to the existence of a kink-kink stationary structure, which is stable. Define

A13 = U(¢1) - U(gbg), (220&)
Az = U(p3) — U(95). (2.20b)

We assume that |A| = |Ay3] = |Ass|. Let us call kink;3 the soliton that connects the vacua ¢,
and ¢3 (¢p(x) = ¢3 as x — oo and ¢(x) — ¢1 as © — —o0), and let us call kinkss the soliton
that connects the vacua ¢3 and ¢5 (¢(x) = ¢5 as © — oo and ¢(z) — ¢3 as x — —o0). The
fact that A1z < 0 and Agzs > 0 means that there exists the equivalent of an external force
acting on the kink;s to the “right” and there exists an external force acting on the kinkss
to the “left”. Recall that kink;s and kinkss repel each other with a force that depends on
the distance between their centers of mass. There is always a distance d at which the two
forces acting on kinki3 and the two acting on kinkss cancel out.

Function A(d) will provide the law that governs the kink-kink interactions. To calculate
A(d), we need a modified potential U(¢) like the one shown in figure 2b. The stable stationary
kink-kink structure shown in figure 5 due to the potential from figure 2b will provide the
function A(d). The stationary kink-kink structure is a solution to the equation

d?¢ du
_Y . 2.21
dz?2  d¢ ( )
This expression can be integrated,
L(©) uw) - a (222)
2 \dx = '
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Figure 5. Kink-kink equilibrium state of eq. (2.1) when the underlying potential have three minima
or more. The function A(d) gives a measure of the kink-antikink interaction force.

Thus, the equation that connects A, d, and the shape of the kink-kink stationary structure
is the following,

1 [ d¢

" V2 ey VUG FIA]

We recall that the original potential behaves asymptotically as U(¢) ~ ¢*" as ¢ — ¢3 = 0.
Therefore,

d (2.23)

A2 L d form > 1, (2.24)

and
d=0[-In(|A])], forn=1. (2.25)

Thus, for n = 1, the kink-kink repulsive force decays exponentially with distance. For n > 1,
A~ d?/m, (2.26)

In potentials where n > 1, the kink-kink repulsive force decreases with distance as the
power law given in eq. (2.19). For the kink-kink repulsion, the force behaves as A ~ d~2
when n — oo as before. The coefficient is larger for the kink-kink interaction than for the
kink-antikink interaction. It depends on the specific potential U(¢). As d’Ornellas has
shown [22], the modified U(¢) method can yield the exact coefficient. So when we use the
concrete potential in the integral (2.23), we can obtain the correct coefficients. We have
checked all these calculations using the collective-coordinate calculation of the acceleration
and the modified potential techniques. Since our formulas are general, our calculations do
not have contradictions after considering other particular cases [5, 21, 22].

The tunneling problem can be solved using energy and net-force considerations: the
net force acting on the long-range kink decides if the kink will move through the barrier.
Indeed, tunneling is a non-equilibrium process that depends on the net force and how the
long-range kink interacts with the force.

The general topological form of the force F'(x) for which the kink-stability problem must
be solved is schematized in figure 6. It can be proved that the stability condition of the
translational mode for the equilibrium position x§ depends on the properties of the zones
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Figure 6. General topological form of the force F(z) in the kink-stability analysis.
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Figure 7. Typical structure of the heterogeneous force for observing long-range kink tunneling.

Foi(x), Fa(x), Foe(z), and Fy,, (). The general conditions for long-range kink tunneling
can be expressed as a competition between the negative zones, Fy;(x) and Fpo(x), and the
positive zones, Fy,1(z) and Fp,1(x).

The conditions for kink tunneling can be obtained using several methods, such as stability
theory, energy considerations, positive work conditions, and the formalism of equilibrium-
nonequilibrium transitions. All these methods yield similar results. The most powerful
long-range kink tunneling condition is the following,

Ep(x0) > Ep(z2), (2.27)

where x, is any point in the interval x¢p < x, < x2 and x is the initial position of the kink
(see figure 7). The function Ep(X) is defined as

Ep(X) = — /_ :o dz F(2)ps(z — X). (2.28)

The expression Ep(X) is the potential energy of the kink due to the interaction with
the field F(x). This formula is obtained using the term in the Hamiltonian that describes
the interaction between the fields ¢(x, t) and F(x).

,10,
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Figure 8. Illustration of a randomly disordered force with a distribution of maxima and minima.
Tunneling of long-range kinks is possible if the condition of eq. (2.27) is satisfied for every structure
with a negative minimum, a positive maximum, and a negative minimum as in figure 7.

Our findings show that a long-range kink of arbitrarily low energy can penetrate any
finite barrier if the kink extent is sufficiently long. In figure 7, we can see the typical F(x)
structure for observing long-range kink tunneling. We remark that even when the total energy
of the center of mass of the kink is less than the height of the energy barrier, kink tunneling
can occur. Moreover, even if the total initial energy of the center of mass of the kink is
precisely zero, long-range kink tunneling can happen. Consider a randomly disordered F'(z)
as that shown in figure 8. If for every basic block structure containing a negative minimum, a
positive maximum, and another negative minimum (as in figure 7), the tunneling condition of
eq. (2.27) is satisfied, then the long-range kink can pass freely through the disordered zone.

3 Implications in other systems

3.1 The quantum long-range kink

The results discussed above suggest that quantum tunneling of a kink can be enhanced if the
system parameters are changed so that it will support long-range kinks. First, the long-range
kink tunneling phenomenon would shorten the wall and reduce the height of the barrier. In
some situations, long-range kink tunneling can suppress the barrier completely. Second, the
kink mass will be smaller. Following eq. (2.8), the kink mass decreases as n increases, so
the longer the extent of the kink is, the more quantum the kink is.

3.2 Kac-Baker interactions

Another example of physical systems relevant to ours is the kink dynamics governed by
the sine-Gordon equation with the Kac-Baker long-range interaction potential [37—43]. For
instance, the Hamiltonian of a system of particles of mass m placed on a one-dimensional
lattice can be the following

H:%mz"BZZJ“ZU(QSi)*%ZWJ (65 — 65)%, (3.1)
¢ i i#j

— 11 —



where each particle is lying on an on-site potential U(¢;), where i and j are the lattice points,
and V;; is the Kac-Baker potential,
c(l—r) ;.

Vij — 5 T|7, J" (3.2)
where ¢ is a constant and r is the number of neighboring interactions [44]. Using the results
from ref. [45], we conclude that the kink’s extent goes to infinity as r (that defines the
range of the interaction) is increased. Indeed, as r — 1, L% — 1/(1 — r)2. These kinks will
behave as long-range kinks. Note that we do not have to change the sine-Gordon substrate

potential U(¢) to observe long-range features.

3.3 Non-local Josephson electrodynamics

Long-range kinks exist in the context of non-local Josephson electrodynamics [46]. Indeed,
the long-range kinks studied in this article are also solutions to non-local integrodifferential
equations governing the dynamics of long ultranarrow Josephson junctions like the following
99

0?9 0 : N
w—i—ba—%/de(axm)@—i—smgﬁ—F(x), (3.3)

written here in dimensionless form. The function Q(z, z’) is the non-locality kernel,

Qle) = (wi) fo (\;2) ’ (3.4)

where Az, is the London penetration depth, and Ky is the modified Bessel function. The
kink solution is

d(z, Ay) = 2arctan (?) +, (3.5)
AJ
which is a long-range kink. There are experimental situations where the dynamics of fluxons
in ultranarrow long Josephson junctions are described by equation (3.3) [46-50]. Sometimes,
the interaction between coupled long Josephson junctions is so strong that the nonlocality
leads to phenomena where the fluxons behave like Coulomb particles in the presence of an
external field with a potential like V() ~ 1/r [47]. We believe the fluxons can have this
behavior in stacks of ultrathin-long Josephson junctions.
We hypothesize that the strong interaction between the junctions in stacks of ultranarrow
Josephson junctions will lead to Ivanchenko’s non-local electrodynamics. In this case, the
interaction energy between the Josephson vortices behaves as follows [47],

8mo109

v(Az)’

Eint ~ (3.6)

where Ax is the distance between the vortices. The above result means these topological
objects will behave as our long-range kinks when n > 1. The experimental and technological
significance of this observation will be discussed in section 7.
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Figure 9. Bistable and monostable potential wells. These potentials are created by the perturbation
F(z). They are not related to the potential U(¢).

3.4 Kink tunneling

Kink tunneling was discovered in the perturbed ¢* theory [51], but it can occur in other
models. The main idea in kink tunneling is that a kink is not a point particle [29, 52].
Consider the general heterogeneous Klein-Gordon equation (2.3) and imagine a kink moving
in a potential landscape created by F(z). The field F(z) can create potential wells and
barriers for the motion of the kink [31]. For instance, when F(z) has three zeros, there is the
possibility that the kink will be moving in a bistable potential, as shown in figure 9(a).

The collective coordinate methods (CCM) [53, 54] have been a very useful technique
utilized in the solution of many problems [55-59]. In the context of our eq. (2.3), CCM
would yield a correct result if the amplitude of F(x) is very small and F'(z) has a single zero.
Otherwise, many wrong conclusions can appear. For example, the stability of the equilibria for
the kink [18, 51, 52, 60], soliton breakup due to instability of the shape mode [15], formation
of kink-kink structures [61], and soliton explosions [16, 60]. Many of these phenomena are
unthinkable in the world of CCM. The appearance or disappearance of soliton shape modes
can depend on the behavior of F(z) [62]. For a discussion of spectral walls, see ref. [4].
During soliton collisions, internal modes can change and (in particular) can disappear into the
continuum as the solitons approach each other [4]. This means that the collective coordinate
dynamics do not correspond to the real dynamics of the process. Recent developments in
the area of collective coordinates techniques can be found in refs. [63-65]. In some cases
of F(x), the collective coordinate techniques can predict that the kink is trapped inside
the potential well on the left of figure 9(a). However, the actual dynamic of the kink can
be entirely different [18, 29, 52, 60].
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Imagine there is a stationary solution ¢x(x) of eq. (2.3) in such a way that the kink
center of mass is at point « = 0, which is usually a zero of F'(z) (or a zero of F(z) is close to
x = 0). To know if the point 2 = 0 is a stable equilibrium for the kink (or not), we must solve
the complete stability problem using the exact solution ¢y (z) to the exact nonlinear partial
differential equation (2.3). For this purpose, we express the spatiotemporal dynamics as

Oz, t) = ¢r(x) + f(z)e™, (3.7)

The complete spectral problem is

Lf=rf, (3.8)
where ) )
- d d“U(¢) 2
L =——1 = —)\2. (3.9)
2 2 ’
d S P

The translational invariance is lost in eq. (2.3), but the nodeless mode f,(x) ~ doy(x)/dz is
still the translational mode! The eigenvalue I'g = —A? # 0 corresponding to the translational
mode, i.e., the Goldstone mode, is not zero anymore, but it will decide the stability of the
equilibrium position [18, 30, 36, 52, 60].

There are situations where there are three equilibrium positions for the kink, as in
figure 9(a). The kink will be trapped near the point = 1, not moving to the right. Under
certain conditions, although there is an F'(x) in eq. (2.3) creating obstacles for the motion of
the kink, the kink does not feel the barrier as in figure 9(a). The potential V' (z) for the kink
will be like that shown in figure 9(b). Thus, the equilibrium position = 0 is now stable.

Imagine now that we construct a potential V' (z) similar to that shown in figure 9(a) with
the difference that at point x = x3 there is no local minimum, and the function V(z) will
continue decreasing monotonically, as shown in figure 9(c). If the condition for the stability
of point x = x5 is satisfied, then the following phenomenon will occur. A kink at the bottom
of the left potential well (at point z = x1) will move to the right. It will cross the barrier,
and it will escape the potential well despite the fact that its center of mass has less energy
than the barrier (see figure 9(d)). Of course, as for any tunneling, the height and the width
of the barrier play an important role in this phenomenon.

4 The nature of long-range kink tunneling

Let us consider the dynamics of a kink in the following equation

%¢ ¢  dU(¢)

o2 02 T dp L (4.1)

where F' is a constant field. We will assume that |F'| < Fjs, in such a way that two minima of
U(¢) are not destroyed. That is, the kink solution exists. Fi; can be found from the condition
that the algebraic equation dU(¢)/d¢ = F must still have three real solutions [29, 52]. If F'is
negative (F' < 0), then there is a force pushing the kink to the “right”. The kink will undergo
a positive acceleration. If F' > 0, then the force is acting on the kink in the negative direction.
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Figure 10. (a) Heterogeneous field F(x) that creates a stable equilibrium for the kink. (b)
Inhomogeneous field that creates an unstable equilibrium for the kink. (c) Potential V(x) created by
field F(x) in (a). (d) Potential V(x) created by field F(x) in (b).

Let us imagine now that F(z) is space-dependent, as shown in figure 10 [18, 52]. It
is reasonable to expect that a zero of the function F(x) (define z, such that F'(z,) = 0)
would imply the existence of an equilibrium position for the kink. If F(x) has only one
7€ro T, then we can be sure that in the neighborhood of z, there is an equilibrium for the
kink. Is this equilibrium stable or unstable?

Observe figure 10(a). If the position of the kink is slightly shifted to the “left” (xem < 4),
then the force (F'(z) < 0) will try to push the kink back to the equilibrium position. When
the center of mass of the kink is moved slightly to the “right”, then a positive F'(z) will pull
the kink back to the equilibrium position. Thus, the stability condition is

dF(z)
— > 0. 4.2
( dx )x::):* (42)
This condition is confirmed by rigorous mathematics and physics [18, 52, 60]. If
dF(z)
<0 4.3
( dx )x::p* ’ (43)

then x = z, is an unstable equilibrium for the kink (see figure 10(b)). If the initial position
of the center of mass of the kink is slightly outside the equilibrium position, then the kink
will move away from x = z,, and it will not return. CCM confirms this result. Notice that
the existence of a stable (unstable) equilibrium would imply the presence of a potential well
(barrier), as shown in figures 10(c) and 10(d).

When F(z) has several zeros (say, T.«1, T2, Z3...) and the distance between them
is sufficiently long for the ¢*-kink and the sine-Gordon kink, the stability of the created
equilibrium can still be determined using the condition given by inequality (4.2). The CCM
can lead to correct conclusions in these cases also. However, for a generic set of zeros of a
function F'(z), the CCM will fail in predicting the right dynamics of the kink [18, 51, 60, 66].

In general, the rigorous method for the stability investigation must be based on the
spectral problem of eq. (3.8) with L = (=92 /022 + U (6)/0¢%) 4, () @0d 5(x) is the exact
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solution to equation (4.1) representing a stationary kink, whose center of mass is at equilibrium
point Zey = x4, in the presence of F'(x). The eigenvalue I'y corresponding to the translational
mode fo(x) ~ dps(x)/dx will decide the stability of the equilibrium point z, [18, 60].

Let us discuss the equation for the ¢*-theory:

3~ g 50+ 590 = Fla). (4.4)

As a model function for F(x), we will take

sinh (Bz)

1
T2 cosh® (Bx)’

F1 (ac) 5

A(A? 1) tanh (Bx) + %A (482 - 42) (4.5)
A system with an external force like (4.5) has been shown to exhibit a pitchfork bifurcation [18,
60]. The results can be generalized to other topologically equivalent systems (this method
has been developed in [18, 19]). Here, the most important thing is that changing parameters
A and B, Fi(x) can have one zero or three zeros. In other words, the potential for the
motion of the kink can have one minimum (a stable equilibrium) or two minima (a bistable
potential). Another important property of Fj(x) is that the exact kink solution can be found,
and the stability problem can be solved exactly.

It is possible to find situations where Fj(x) has three zeros (say X.1, T2, Tx3; Ts1 <
T.o < T3) in such a way that (dF(z)/dz),_, >0, (dFi(x)/dr) <0, (dFy(x)dx)
> (0. So, there must be a barrier at point x = x.o, which is an unstable equilibrium. However,

T=T %2 T=Tx3

under certain conditions, due to the interaction of the kink with the other zeros of Fj(x),
the kink “feels” the point x = x.9 as a stable equilibrium. Hence, the kink does not feel the
barrier. This can happen because the kink is an extended object [18, 52]. The ¢*-kink can
interact with the other zeros of F'(x) when the distance between the zeros is comparable
with the size of the kink.

The ¢*-kink interacts with an antikink with short-range forces. In the same way, a
#*-kink can interact with localized concentrations of the field F(x) only with short-range
forces. When the distance between the structures of F'(x) is very long, then the kink will feel
them as what they are: the potential wells will be wells, and the barriers will be barriers.
In that case, the kink cannot move through a barrier if it has less kinetic energy than the
height of the energy barrier.

Let us present a system where the tunneling of the ¢*-kink can be observed. Define
F(z) the following way

F(x) = Fi(z), forx < Ty, (4.6a)
F(x) =c, for & > ., (4.6b)
where x,, is the point where F}(z) has a local minimum [(dF(x)/dx)I:m = O], and ¢ =

F1(z+). The stability problem (where ¢(x,t) = ¢s(z) + f(z)exp(At)) of the equilibrium
point z, = 0 is reduced to an eigenvalue problem of the same form as eq. (3.8), where

= 3 1 342
L = —62 *A2 - — 47
vt (2 2 2cosh? (Bm)) ’ 4.7
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Figure 11. (a) Typical F(z) for the observation of kink tunneling. (b) When F(x) has only a
positive maximum, the kink will be pushed to the “left”.

and I' = —\2. The cigenvalues of the discrete spectrum are given by I', = —1/2 +
B? (A4 2An —n?), where A (A +1) = 342/2B%. If A > 1 and 4B? < 1, the field F(z)
possesses the desired properties, i.e., there is a zero of F(z): z. < 0 (F(x4) = 0), that
would correspond to a stable equilibrium position. There is another zero of F(x) at x.o =0
that would correspond to an unstable equilibrium position and would serve as a potential
barrier. For x > 0, the potential V(z) is a monotonically decreasing function.

If I'y < 0, the equilibrium point z.2 = 0 is unstable, then the kink “feels” the barrier. If
the initial position of the kink is in the vicinity of point x = 0 with the position of the center
of mass situated on the left of the barrier (Xcm (t = 0) < 0), and with zero initial velocity, the
kink will not move to the right of point £ = 0. The kink will be trapped inside the potential
well. On the other hand, if I'g > 0, the kink will move to the right, through the barrier,
even if its center of mass is placed in the minimum of the potential and its initial velocity
is zero. Analytical calculations reveal that when A? > 1, 4B% < 1, 2B? (34% — 1) > 1, the
potential V(x) possesses a minimum at a point z,; < 0, a maximum at z,o = 0, and the
kink can tunnel through the barrier.

For a general F'(z) as that shown in figure 11, the condition I'y > 0 yields

Fo > Fy, Sg (21, 2, W, wo1, Wo2) , (4.8)

where Sg is a function that increases with z1, xo, w,, and decreases with wg; and wqe.
Parameters Fpy, wg; and wge favor the tunneling. Parameters Fj,, 1, x2, and w,, work
against the tunneling.

For extremely localized F(x) fields, Sg does not depend on w,,, wei, wo2. We need to
stress that the interaction of the kink with the positive and negative zones of F'(z) is key to
kink tunneling (see figure 12). The competition between the negative and positive structures
of F(z) is crucial: Who is pushing harder? What happens when only one of the structures
is acting alone? It is not a surprise that the barrier will try to repel the kink. See the
motion of the kink due to the action of F,,(z) = 0.02 sech?(x) in figure 11(b). Conversely, a
negative bell-like structure will push the kink to the “right” (see figures 13 and 14). At first
sight, one would not expect that the kink can interact with a structure that is immediately
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Figure 12. The interaction of the kink with the localized bell-shape structures of F(z) is crucial for
the kink tunneling phenomenon. The positive bell-shape structure at point x = 0 will try to push the
kink to the “left”. The negative bell-shape structures at points x = x1 and z = x5 will try to push the
kink to the “right”. Imagine there is an “A-zone” between points x = x; and x = 0, where F'(x) is
exactly zero. If the initial position of a normal kink is inside the “A-zone”, and the initial velocity is
zero, then the kink will remain trapped inside the potential well. A normal kink “feels” only the local
properties of F(z). On the other hand, a long-range kink can feel the interaction with the negative
structures at points = x; and x = x5 even if the values of |z;| and |z are large.
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Figure 13. A negative bell-like structure will push the kink to the “right” (see figure 14). However,
the distance between the kink and the localized structure is important (see figure 14).
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Figure 14. Dynamics of kinks due to the interaction with the F'(x) shown in figure 13. (a) A normal
kink is not moving because if the distance between the kink and the localized structure is very long,
the kink does not feel the force. (b) The long-range kink does feel the force due to the interaction
with the negative bell-like localized structure at point x = x,.
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Figure 15. The long-range kink can be moved to the “right” by the action of a negative bell-like
localized structure even if |z;| is large (see the dynamics in figure 16).

behind the barrier (the farthest border of the barrier). However, when we learn that if the
width of the barrier is very large, the interaction with this negative structure is very small or
non-existent, then it makes sense because tunneling should not occur for very wide barriers.
Nevertheless, the most important fact is that conventional kinks do not feel the interaction
with the negative bell-like structure in figure 13, whereas the long-range kink can be pulled
by this structure. See the effects of the interaction on a ¢*-kink, and on a long-range kink
in figure 14. Most unexpected is the fact that the left wall of the potential well can play a
role in kink tunneling. A negative structure on the left of the kink (see figure 15) can push
the long-range kink forward. However, if |z1]| is large, then a normal kink would never feel
the force exerted by the negative structure placed at point x;. Observe the effect of this
negative structure on a normal and long-range kink in figure 16.
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Figure 16. (a) The conventional kink is at rest. The negative localized structure is too far away. (b)
The long-range kink is moving forward due to the interaction with the negative bell-like configuration
of F(x) at point x = x;.
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Figure 17. Action of a remote localized field on a conventional kink (a) and on a long-range kink
(b). For the normal kink nothing is happening (a). The long-range kink is reacting to the action of a

remote localized field whose position is at point z = —20 (b).
Can a conventional kink feel a remote localized field configuration? Let set 27 = —20,
xg = —1. Figure 17 shows that a long-range kink can interact with a remote localized field

configuration. For the normal kink, nothing is happening.

Now, we will obtain the explicit tunneling condition for some typical long-range kinks.
First, we will investigate the tunneling condition in equation (4.1) for two examples, one
with n = 1 and the second with n = 2. Equation (4.1) is considered with the potential
U(p) = (2/n)sin®*(¢/2). The field F(x) is constructed with three extremely exponentially
localized bell-shaped functions F(z), F(z), and F3(z) that have the shape shown in figure 12
(F(x) = Fi(x) 4+ Fa(x) + F3(z)). For n = 1, the sine-Gordon kink will tunnel through the
barrier if

1 1
cosh(z1) = cosh(xs)

> Fp. (4.9)

From inequality (4.9) it is clear that as |z1| and |z2| increase, for fixed Fy and F),, the left
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part of the equation decreases exponentially. This means that the tunneling condition (4.9)
will not be satisfied already for some not very large values of |z1| and |z2|.
Let us get the tunneling condition for n = 2:

1 1
1+ a3/2 + 1+ a3/2

Fy > Fp,. (4.10)
All the tunneling conditions are obtained using the general tunneling condition (2.27).

Now we can compare the tunneling conditions for a conventional kink and for a long-range
kink, (4.9) and (4.10). The function on the left of inequality (4.10) decreases as a power
law as |z1| and |z2| increase. This means, for fixed Fjy and F,,, (using the same Fj and F),
n (4.9) and (4.10)), we conclude that tunneling is possible for much wider barriers when
the kink is (n = 2) long-range.

To give a concrete numerical example, let us consider the same F'(x) for the sine-Gordon
kink and the long-range (n = 2) kink. For Fy = 0.25, F,;, = 0.02, 1 = —6, x2 = 6, the calcu-
lations yield 0.25 [cosh™" (=6) + cosh™(6)| < 0.02 for n = 1 and 0.25 [[1 + (0.5)(—6)% '+
[1+(0.5)(6)%]7'] > 0.02, for n = 2. This means the sine-Gordon kink will not escape a
6-wide potential well tunneling through a 6-wide barrier. In contrast, the long-range (n = 2)
kink will tunnel through the 6-wide barrier, thus escaping the 6-wide potential well. In the
following we show numerical experiments for these two cases.

We are simulating the sine-Gordon equation for a conventional kink

2 2
gtf—ggjs—%sinqﬁzF(x), (4.11)
with the initial conditions ¢ (z,0) = 4 arctan [exp (x + 1)], 0¢/0t|(; —0) = 0. Also, we are
simulating the equation

0%¢ 0?9

ﬁ_ﬁ—i_Q sin ( ) ( ) (412)
with the initial conditions ¢ (z,0) = 2arctan [( ) x+1) ] + 7, 0¢/0t|(3,4—0) = 0. For
both systems F(z) = —Fy sech?(z — x1) + Fy, sech?(z) — Fy sech?(x — x2), with Fy = 0.25,

F,, = 0.02, z1 = —6,and =9 = 6.

In both cases the initial conditions have been constructed with the exact stationary kink
solutions to the complete nonlinear field equations, so the initial kinks are not excited. Of
course, the heterogeneous external fields can create some deformations in the dynamical
solutions, especially if the amplitude of the heterogeneous external fields is big. The results
of the numerical experiments are shown in figures 18 and 19.

For the equation

*¢ 0% 1 2n—1
S~ a0 50 (¢ - 1) = F(x), (4.13)
the tunneling condition is the following:
Fy ! + ! > F,, (4.14)

1+ (=) ] [ (V2= )
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Figure 18. Spatiotemporal dynamics of kinks in a system with an F(z) as that shown in figure 12.
(a) The sine-Gordon kink profile dynamics (eq. (4.11)). The kink remains trapped inside the potential
well on the left. (b) The long-range (n = 2) kink is tunneling through a barrier that is between the
points z = 0 and = 6 (eq. (4.12)). In both cases, the initial conditions are constructed with the
exact solutions to the respective nonlinear partial differential equations. It is very clear that the initial
long-range kink is not excited.
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Figure 19. Dynamics of the kink’s center of mass. The black line is for the sine-Gordon kink
(eq. (4.11)). The red line is for the long-range (n = 2) kink (eq. (4.12)). The sine-Gordon kink never
moves beyond the point z = 0. The long-range kink is moving decisively forward.
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Figure 20. (a) F(x) with a localized negative structure and one localized positive structure. (b)
The F(z) in (a) generates a potential with a single barrier (without potential well).

where n > 1. For n = 1, the condition is

1 1
+
cosh?(0.521)  cosh?(0.5z2)

For the following F(z) = —0.1 sech?(x + 10) + 0.02 sech?(z) — 0.1 sech?(x — 10), we obtain
that the ¢?-kink remains trapped inside the potential well on the left. On the other hand,
the long-range (n = 9) kink can tunnel through this very wide (Lp = 10) barrier escaping

Fp. (4.15)

the 10-wide potential well.

All the simulations that we have performed with eq. (4.13) are in agreement with the
tunneling condition (4.14). When n is very large (n > 1), the function on the left of
inequality (4.14) decays with |z1| and |z2| as

F 1 1
e

Hence, as the size of the potential well and/or the width of the barrier are increased, the
function (4.16) decreases very slowly. The significance of this result is that even very wide
barriers can be penetrated by long-range kinks.

The general tunneling condition (2.27) allows for the investigation of very different
functions F'(x). For instance, it is possible to have an F'(z) that generates a system with a
simple barrier (without a potential well). This can be appreciated in figure 20. When the
tunneling condition (2.27) is satisfied, then a kink with an initial position X¢m = 29 < 0 on
the “left” of the barrier can tunnel through the barrier. It is remarkable that the negative
localized structure of F(x) located at the point x = x9 behind the barrier (actually, the
farthest border of the barrier) can make the kink tunnel through the barrier.

If the barrier is sufficiently wide, shorter-range kinks cannot penetrate the barrier. They
do not feel the interaction with the negative localized structure of F'(x) at the point x = x3.
On the other hand, long-range kinks do feel the pull of the negative structure at point x = 2,
even for large xo. This phenomenon is another manifestation of the fact that long-range
interactions play a fundamental role in long-range tunneling.
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Figure 21. Ep(z) can be seen as a superposition of three components: an antikink-like structure
at point z = x1, another antikink-like structure at point x = x5, and a kink-like structure at point
2 = 0. (a) An example of the antikink-like structure at point @ = x1, generated by a single bell-like
negative structure of F'(x) at point z = x;. Even when F(x) is exponentially localized for a system
with long-range kinks, Fp(z) will decay as a power-law for large . This means that the kink will
be moving forward under the action of a localized field for long distances and times. If F(x) decays
as a power-law, Fp(x) will decay even slower. (b) Example when the components of Ep(x) are
antikink-like structures at points = x; and x = x5, and a kink-like structure at point x = 0. However,
the tunneling condition is not satisfied in this case.
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Figure 22. Behavior of quantity Ep(z) for systems with tunneling and without tunneling. (a) Ep(x)
constructed for system (4.13) with F(z) = —0.1 sech?(z + 10) + 0.02 sech?(z) — 0.1 sech?(z — 10) and
n = 1. At the same time this is the typical behavior of Ep(x) for a systems with an F'(z) as that
shown in figure 12 when the kink remains trapped inside the potential well. (b) Ep(z) constructed
for system (4.13) with the same F'(x) as in (a) and with n = 9. Also, this is the typical behavior of
Ep(z) for a system with an F(x) as that shown in figure 12 when the kink is able to tunnel through
the barrier.
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Now we will discuss tunneling in terms of function Ep(x). For an external field F(x)
like that shown in figure 12, function Ep(x) is a superposition of three components: an
antikink-like structure with a center close to the point x = 1, another antikink structure
with a center close to x = z3, and a kink-like structure at point x = 0 (see figure 21). Even
when the formulas that create the bell-shaped structures in F'(x) near the points z1, 0, and
x9 are not exponentially localized functions, the components of Ep(z) are antikink-like or
kink-like structures (see figures 21 and 22). In general, there are only two possible very
different regimes: i) Function Ep(x) has a local minimum and a local maximum in the
interval 21 < z < xg, or ii) the function Ep(x) is a monotonically decreasing function. These
cases can be seen in figure 22. It is clear that in case of figure 22(a), the kink will remain
trapped inside the potential well. Meanwhile, in the case of figure 22(b), the kink is able to
move forward all the time despite the presence of a barrier. For a given system like eq. (4.13),
the analytical tunneling condition that decides if we are in the case (a) or in case (b) of
figure 22 is given by the inequalities (4.14) and (4.15).

The functions Ep(z) that can be seen in figure 22 have been constructed for the following
two systems: ¢y + 0.1¢¢ — duy + 0.5¢ (¢* — 1)2n_1 = F(x), F(z) = —0.1 sech?(x + 10) +
0.02 sech?(z) — 0.1 sech?(z — 10), for n = 1 (figure 22(a)) and for n = 9 (figure 22(b)).
Conditions (4.14) and (4.15) yield that for n = 1 there is not tunneling whereas for n =9
there is tunneling. See the outcomes of the simulation in figures 23 and 24.

Here is a striking combination of results: the tunneling conditions (4.14) and (4.15), the
quantity Ep(x) (see figure 22), and the numerical experiments (figures 23 and 24). All of
them are in agreement with the conclusion that the ¢*-kink is trapped inside the potential
well created by F(z) = —0.1 sech?(z 4 10) 4 0.02 sech?(z) — 0.1 sech?(z — 10). However,
the long-range (n = 9) kink is tunneling through the 10-wide barrier, thus escaping the
10-wide potential well.

The condition given in eq. (2.27) is valid for all Klein-Gordon equations.

In this work, we have focused on perturbations created by exponentially localized
impurities. In these systems, tunneling processes are very difficult. In the intervals x; +
e<x<eg and 0 < z < zg — ¢, the function F(x) is exponentially small (exponentially
zero). Normal particle-like solutions do not participate in these tunneling processes (see
figure 25). Furthermore, we must say that if the function that creates the negative bell-
shaped structures in F'(z) close to the points x = z1 and x = z2 are more extended
perturbations, condition (2.27) leads to even more spectacular propagation phenomena.
These new phenomena will be discussed in forthcoming works.

Now we will briefly address the effects of damping, mass and kink excitation.
Here we are repeating the numerical simulation shown in figures 18 and 19 with damping.

The conditions are the following

0? o9  0?
th + (0.3)8—(5: — 8733(2 + 2sin® (;b) cos <(§) = F(z), (4.17)
¢(x,0) = 2arctan [(?) (x4+1)| +, (4.18)

,25,
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Figure 23. The ¢*-kink remains trapped all the time inside the potential well, where ., (t) is always
negative (., < 0). Compare this behavior with figure 24.
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Figure 24. The long-range kink (n = 9) is tunneling through a barrier that exists between the points
z =0 and x = 10. Compare this outcome with that shown in figure 23, where the ¢*-kink is unable
to penetrate the same barrier.

9¢

—_— = 4-1
00 e.0) =0, (1.19)
F(z) = —0.25 sech?(z 4 6) + 0.02 sech?(x) — 0.25 sech?(x — 6). (4.20)

The results are shown in figure 26. Note that it takes the kink more time to tunnel and
the motion after the barrier is slowing down. If the sine-Gordon kink is trapped in the
potential well when there is no damping, with the presence of damping the sine-Gordon
kink will be stuck there with more reason.
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Figure 25. What happens if the kink is a truly point particle? The quantity Ep(z) will always have
a square-like potential well and a square-like barrier. This means tunneling is impossible.

The dynamics observed in figure 26 can be observed also in the presence of strong
damping (b = 1).
0%¢ 0¢ 0%

e+ 2 Tl 056 (¢ 1) = Fla). (4.21)

What happens if we put a kink-like structure as an initial condition with less mass than
the sine-Gordon kink? The simulation that we are proposing is

0? 0?

a—t‘f - aT:é) +sin(¢) = F(x), (4.22)
¢(z,0) = 2arctan [(?) (x+1)| 4+, (4.23)
0¢ B

5 (@0 =0, (4.24)
F(z) = —0.25 sech?(z 4 6) + 0.02 sech?(x) — 0.25 sech?(x — 6). (4.25)

Figure 27 shows that the kink is not able to tunnel through the 6-wide barrier. The small
mass does not help the sine-Gordon equation.
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Figure 26. Simulation of eq. (4.17) which is the same system as the eq. (4.12)whose dynamics is
shown in figures 18(b) and 19, but now we are doing it with damping.
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Figure 27. The sine-Gordon equation has been simulated with a kink-like initial condition that has
much smaller mass (m ~ 4.442). However, the tunneling does not occur. The small mass does not

help the sine-Gordon equation.

Figure 28.
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The kink can become very excited due to the fact that the initial condition is very far

from the exact kink solution Nevertheless, this does not help the tunneling porcess. (a) The position
of the kink’s center of mass is always inside the potential well with . (t) < 0 for any ¢. (b) Large

shape deformations can be observed.
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Figure 29. Tunneling in system (4.30) using the sine-Gordon kink as the initial condition. The mass
of this initial kink is m = 8. (a) Dynamics of the kink’s center of mass. (b) Spatiotemporal dynamics
of the kink in system (4.30). The kink is tunneling through the barrier despite the much larger mass
of the initial kink.

Now we suggest the following simulation

0? 0?

a—tf - 873;3 + sin(¢) = F(x), (4.26)
¢(z,0) = 2arctan [tanh(ﬂz + )|z + 1|1/8] +, (4.27)
0¢ B

E(m, 0) =0, (4.28)
F(z) = —0.25 sech?(z + 6) + 0.02 sech?(x) — 0.25 sech?(x — 6). (4.29)

The shape of the initial condition is so far from the sine-Gordon kink exact solution that the
system generates enormous shape deformations. We are doing this without damping. Thus,
the deformations are not deleted by the dissipative dynamics. This can be seen in figure 28.
The kink is very excited. But all this does not help the tunneling process.

Could a greater mass thwart the tunneling? We will use the sine-Gordon kink as the
initial condition for our equation (4.12) with n = 2.

The simulation is the following

0? 0?

th - 873;3 + 2sin® (;b) cos (;b) = F(z), (4.30)
¢(x,0) = 4arctan [exp(x + 1)], (4.31)
¢ B

5 (.0 =0, (4.32)
F(z) = —0.25 sech?(z 4 6) + 0.02 sech?(x) — 0.25 sech?(x — 6). (4.33)

The mass of the initial structure is m = 8. This is a very large mass. The spatiotemporal
dynamis is shown in figure 29. The kink is tunneling through the 6-wide barrier. The mass is
not what determines the outcome. The nonlinear partial differential equation (4.30) “knows”
its kink is long-range and its dynamics will behave accordingly.
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Figure 30. A long-range kink tunneling through a potential barrier. Results obtained from the
numerical simulation of eq. (2.6) for b = 0 with n = 2 and the initial conditions given in eq. (5.1)
under the heterogeneous force of eq. (5.2) with zyp = 2, = 0.01, and 8 = 0.007.

5 Numerical simulations

In this section, we will show that the tunneling of long-range kinks can be highly enhanced by
increasing their long-range character. The nonlocal properties of soliton dynamics [18, 29, 51,
52] can be observed in all their extraordinary splendor during the propagation of long-range
kinks in heterogeneous systems. As quantum tunneling is considered a non-equilibrium
process, we will see that long-range kink tunneling is also a non-equilibrium process.

Figure 30 shows a long-range kink tunneling through a potential barrier. This simulation
was performed using eq. (2.6) with n = 2. The initial conditions were

¢(z,0) = 2arctan [(?) (x+1)| +m, (5.1a)
Op(x,0) = 0. (5.1b)

The heterogeneous field was
F(x) = —a sech?(x — x1) + B sech?(z) — a sech?(x — x2), (5.2)

with 1 = —2, 9 = 2, a = 0.01, and 8 = 0.007.

Figure 31 shows the tunneling of a long-range kink through a wider barrier of width
w = 10. Here we are simulating eq. (2.5) with n = 9, under the force of eq. (5.2) with
a =01, 5 =0.02, and —z; = x5 = 10.

The difference between two long-range kinks with different extents is shown in figure 32.
A long-range kink with n = 2 from eq. (2.5) collides with an extensive barrier. The long-range
kink rebounds after colliding with the barrier. It is not able to penetrate such a strong obstacle.
Nevertheless, the n = 9 long-range kink (also from eq. (2.5)) is tunneling through this very
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Figure 31. Numerical simulation of the tunneling of a long-range kink in eq. (2.5) for b = 0.2 with
n =9, under the force of eq. (5.2) with @ = 0.1, 8 = 0.02, and |z1| = |z2| = 10.
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Figure 32. Position of the center of mass of two long-range kinks with n = 2 (blue dashed lines) and
n =9 (red solid line). Numerical simulations obtained from eq. (2.5) for b = 0.01.

long wall, and we can see it moving on the other side of the barrier. The spatiotemporal
dynamics of an n = 9 long-range kink can be observed in figure 33. Within the context of
Josephson junctions, notice that conventional fluxons would never penetrate a barrier like
this. On the other hand, long-range fluxons created in a Josephson junction with nonlocal
electrodynamics could cross this kind of barriers.

Figure 34 shows the motion of a long-range kink in a potential V(x) with a very long
barrier. Conventional kinks, like those from the ¢* and sine-Gordon models, and all the other
long-range kinks with shorter extents, cannot penetrate this barrier.
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Figure 33. Spatiotemporal dynamics of a long-range kink tunneling through a barrier. Numerical
simulations obtained from eq. (2.5) for b = 0.01.
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Figure 34. Numerical simulations of the dynamics of a long-range kink, represented here with a red
dot, moving in a potential with a wide barrier. The kink can tunnel through the barrier.
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5.1 Simulation parameters, equations and conditions

1.

Zif — gif + 2sin® <q2j> cos (q;) = F(x),

+m,

¢(z,0) = 2arctan l(?) (x+1)

0¢p B
E((L‘, 0) = 0,

F(x) = 0.02 sech?(x),

damping coefficient b = 0. The results are shown in figure 11(b).

2 2
i‘))tf - ggjs +sin¢g = F(x),
¢(x,0) = 4arctan [exp(xz + 1)],
99
ot
F(x) = —0.25 sech?(x — 15), b= 0.

(xa 0) =0,

The results are shown in figure 14(a).

(Zf — giﬁ + 2sin® (g) cos (g) = F(x),

+

¢(x,0) = 2arctan l(?) (x+1)
¢
ot
F(x) = —0.25 sech?(xz — 15), b= 0.

(1:70) =0,

The results are shown in figure 14(b).

0? 0?
aitf—ai;s-ksingb:ﬁ’(x),
¢(x,0) = 4arctan [exp(x + 1)],

0¢p B
E(ﬁﬁ, 0) = 0,

F(x) = —0.25 sech?(z + 15), b= 0.

The results are shown in figure 16(a).
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@ — 8255 + 2sin® (¢> Ccos (¢> = F(x),

ot?2  Ox? 2 2

¢(x,0) = 2arctan l(?) (x+1)| +m,
0¢ B

E(CC, 0) = 0,

F(x) = —0.25 sech?(z + 15), b= 0.

The results are shown in figure 16(b).

62 2
T£—£+Sin¢:F($),
¢(z,0) = 4arctan [exp(x + 1)],
0o B

E(aﬁ, 0) = 0,

F(x) = —0.25 sech?(x +20), b= 0.

The results are shown in figure 17(a).

@ — @ + 2sin? <¢> cos <¢> = F(z),

o2 Oxa? 2 2

¢(x,0) = 2arctan l(?) (x4+1)| +m,
Lo B

E(xv 0) - Oa

F(x) = —0.25 sech?(x +20), b=0.

The results are shown in figure 17(b).

9* 0*

a—tf — a—£+sin¢>:F(x),
¢(x,0) = 4arctan [exp(x + 1)],
0¢ B

a(l‘7 O) - 07

F(x) = —0.25 sech?(x + 6) + 0.02 sech?(z) — 0.25 sech?(z — 6), b= 0.

The results are shown in figure 18(a) and figure 19 (black line).
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10.

11.

12.

@ — @ + 2sin? (¢) cos (gb) = F(z),

o2 Oa? 2 2

¢(x,0) = 2arctan l(?) (x4+1)| +m,
0¢ B

a(x’ O) - 07

F(z) = —0.25 sech?(z 4 6) + 0.02 sech?(x) — 0.25 sech?(z — 6),

The results are shown in figure 18(b) and figure 19 (red line).

02 o¢ 0

an + (0.1)%’ — a—x‘f +05¢ (¢2 - 1) = F(z),
¢(z,0) = tanh [0.5(z + 1)] ,

9¢ _

E(x, 0) =0,

F(z) = —0.1 sech?(z + 10) + 0.02 sech?(x) — 0.1 sech?(z — 10),

The results are shown in figure 23.

8¢ ap 9% 17
w+(0.1)a—w+0.5¢(¢2_1) :F(.%'),
¢(r,0) = %arctan {tanh(m + 1)z + 1’1/8} :

0¢ B

a(’r70) - 07

F(z) = —0.1 sech?(z + 10) + 0.02 sech?(z) — 0.1 sech?(x — 10),

The results are shown in figure 24.

&9 + (0.3)% _o¢ + 2sin® <¢) cos <¢) = F(z),

ot? ot Ox? 2 2
¢(z,0) = 2arctan [(?) (x+ 1) +m,
99

E(Qf, 0) = 0,

F(z)=-0.25 SeChZ(ZU +6) +0.02 sechz(m) —0.25 sech2(x —6),

The results are shown in figure 26.

,35,

b=0.

b=0.3.



13.

82 2

87;5_67?4_ IH(Z):F(.TI),

¢(z,0) = 2arctan l(?) (x+1)| +m,
0o B

a(.%',()) = 0,

F(x) = —0.25 sech?(x + 6) + 0.02 sech?(z) — 0.25 sech?(z — 6), b= 0.

The mass of the normal sine-Gordon kink is mgg = 8. The mass of the initial kink
used in this simulation is mi, ~ 4.442 The results are shown in figure 27. The smaller
mass does not help the tunneling. See discussion in the main text.

14.

&’ ¢y
ﬁ— w‘i‘Slngf)—F(w),

¢(x,0) = 2arctan [tanh(x + )|z + 1|1/8} + 7,

0 B
a(l‘7 O) - 07

F(x) = —0.25 sech?(x + 6) + 0.02 sech?(z) — 0.25 sech?(z — 6), b= 0.
The results are shown in figure 28.

15.
@ — 82w¢ + 2sin? (2) coS ((5) = F(x),
¢(x,0) = 4arctan [exp(z + 1)],

0¢p B
a(x? O) - 07

F(z) = —0.25 sech?(z 4 6) + 0.02 sech?(x) — 0.25 sech?(z — 6), b=0.

The mass of the initial kink used in this simulation is m;, ~ 8, which is much larger
than the one used in the simulation shown in figure 18(b) and figure 19. The results
are shown in figure 29. See discussion in the main text.

16.

?;tf — gzﬁ + 2sin® (2) cos ((2]5) = F(x),

+ m,

2
¢(z,0) = 2arctan [({) (x+1)
0p B
E(ZC’ 0) - Oa
F(z) = —0.01 sech?(z 4 2) 4+ 0.007 sech?(z) — 0.01 sech?(z — 2), b=0.

The results are shown in figure 30.
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17.

2 2
‘Z}tf - (0.2)‘?555 - gxf +0.5¢ (¢2 - 1)" = F(z),
d(x,0) = ¢(x,0) = tanh [0.5(x + 1)],
%(x 0)=0
ot

F(x) = —0.1 sech?(z 4 10) + 0.02 sech?(z) — 0.1 sech?(z — 10), b=0.2.

The results are shown in figure 31.

18.
0%¢ oo 0% . A3
oz +(001) ax2+05¢(¢ ) (@),
2
¢(x,0) = —arctan(x + 1),
T
0
5 @0 =0,
F(z) = —0.03 sech?(z + 3.5) + 0.005 sech?(z — 25) — 0.03 sech®(z — 53.5),
The width of the barrier is Lg = 28.5. The results are shown in figure 32 (blue dashed
line).
19.
0%¢ oo 0%¢ 9 17
oz +(001) ax2+05¢(¢ ) (2),
2
¢(x,0) = — arctan [tanh(az +1)|z + 1|1/8] 7
7T
o
5 @0 =0,
F(z) = —0.03 sech?(x + 3.5) + 0.005 sech?(x — 25) — 0.03 sech®(x — 53.5),
The width of the barrier is Lg = 28.5. The results are shown in figure 32 (red solid
line).
20.
0%¢ oo 0% N
oz +(001) 6x2+05¢(¢ ) (@),
2
¢(r,0) = — arctan [tanh(m +1)|z + 1|1/4] 7
7T
0
a(l" 0) =0,
F(z) = —0.03 sech?(x + 3.5) + 0.005 sech?(x — 25) — 0.03 sech®(z — 53.5),

The width of the barrier is Lp = 28.5. The results are shown in figure 33.
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21.

82¢ a¢ 82¢ ) 9
ap T 005 =55 1050 (9" —1) = F(a),
o(x,0) = 2 arctan [tanh(a: + 1)z + 1|1/4} 7
s
e B
E('xu 0) =0,
F(z) = —0.03 sech?(z 4 10) + 0.005 sech?(x — 16) — 0.03 sech?(z — 42),

The potential well is defined between the points x = —10 and x = 16. The barrier is
defined between the points x = 16 and x = 42. The results are shown in figure 34.
The masses of all the kinks used in all simulations are shown in tables 1 and 2, inside
section 2.

6 Kink propagation in disordered media

Consider the heterogeneous kink-bearing nonlinear partial differential equation (2.3), with

N
F(z)=> o sech? [B;(z — x;)] (6.1)
i=1
where «;, §; and x; can be random numbers. We assume that these parameters do not
take values that lead to instabilities of the shape modes of kinks so that the kink will
conserve its integrity as an entity. Thus, eq. (2.3) can describe the dynamics of a kink
in a disordered system.

If the condition of eq. (2.27) is satisfied for every basic block structure containing a
negative local minimum, a positive local maximum, and another negative minimum (as
in figure 7), the long-range kink can pass freely through the disordered zone as if there
are no obstacles there.

Figure 35 shows a long-range kink (n = 5) moving through an array of impurities.
This kink moves almost with constant velocity. Remarkably, the kink does not feel any
obstacle in its way.

7 Applications: experiments and technology

Our results have applications in spintronics, Josephson junction circuits, new superconductivity
technology, quantum information technology, and quantum computing. In ref. [67], the
experimental macroscopic quantum tunneling of a domain wall is reported. They discuss
their results in the context of the quantum tunneling escape rate

_ 2mEq
I'=fme YT ) (7.1)

where W is the width of the barrier, Ey is the height of the barrier, and m is the domain
wall mass. The potential is similar to that shown in figure 30. When we carefully study the
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Figure 35. Numerical simulation of a long-range kink moving through an array of impurities.

original data from ref. [67], we observe that the domain wall behaves like our long-range
kink. They report on a disordered magnetic system for which it is possible to adjust the
parameters of the system with a knob in the laboratory. The authors can control the domain
wall mass, the extent of the kink, and many other physical quantities. When they change
some fields, they can broaden the domain walls (at some critical values of the parameters, the
domain wall can fill the entire system, and its mass approaches zero). If suitable experimental
conditions are introduced into LiHyF}y, the domain wall dynamics can pass from classical
(large m) to quantum mechanical (small m). They can observe the trapped domain walls
at the fixed pinning centers (the disorder can be ideal for pinning domain walls). The kink
tunneling mechanism can serve to depin the domain walls despite the existence of the disorder.
As parameters that increase the extent of the kink and decrease the domain wall mass are
changed appropriately, the measured tunneling rate has been observed to increase. The
general mobility of the domain wall through the disorder will increase as the extent of the
kink is increased exactly in the same way as our long-range kinks.

The superconductors, the superinsulators, and the transitions that lead to these states of
matter have been active areas of research for the last several decades [68-81]. Nevertheless,
some fundamental questions remain unsolved. In particular, the nature of the insulating
phase, which shows unconventional transport properties, is unclear. One exciting scenario
suggests that this phase incorporates superconducting fluctuating islands embedded in an
insulating matrix. These phenomena lead to very exciting physics governed by the interplay
between disorder and superconductivity.

Josephson junction arrays, i.e., networks of superconducting islands weakly coupled
by tunnel junctions, are among the physical systems used to study the aforementioned
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phenomena. One of the parameters controlling the superconductor-insulator transition in
Josephson arrays is the ratio Fj/FE¢, where E; is the Josephson coupling energy, and E¢
corresponds to the energy needed to add an extra charge to a neutral island. Another relevant
parameter is the dimensionless resistance R/Rq, where Rg = h/(2¢)?. In addition, L will
be the length of the system. Several works in the literature have studied Josephson arrays,
where superconducting grains (or islands) are connected through tunnel junctions. The
dynamics of excess cooper pairs in the array are described using charge kinks created by
the polarization of the grains [71].

Let us consider a ring-shaped 1-D array of serially coupled Josephson junctions biased
by an external flux through its center. Typically, the width of the junction is d ~ 2nm.
Using results from ref. [71] in combination with our findings in this work, we can make the
following statement. If the kink extent is larger than the circumference of the array, quantum
phenomena such as persistent currents are predicted. As we estimate that the characteristic
kink extent in non-local Josephson arrays can be of the order of several millimeters, this is a
macroscopic quantum phenomenon. This is just another manifestation of long-range quantum
kinks moving smoothly through different media. A long-range Cooper-pair charge kink with
a very large extent implies an extremely long-range Josephson coupling. This could explain
the recently measured experimental data where extremely long-range Josephson coupling was
observed [72]. In some situations, the charge kink becomes lighter than the plasmons [71].
Recall that the mass of the kink depends on its extent. In that case, the kink takes the
role of the fundamental quantum of the system. However, it loses its correspondence to the
classical particle configuration. In a sense, the charge kinks become “too quantum”. Thus,
any classical theory cannot describe the long-range charge kink (with a large kink extent and
very small mass). All the processes linked to the kink will be very macroscopic quantum
phenomena. The persistent current oscillations phenomenon manifests the Aharonov-Bohm
effect, where a charged particle encircles a flux tube [73]. Weak spatial heterogeneity in the
array, e.g., non-identical grains of junctions or disordered grains, leads to persistent current
oscillations as a function of the external flux. The amplitude of the persistent current of
one charge kink decreases as the heterogeneity increases. This “damping” of the current
can be minimized if the charge kink is long-range. Under certain conditions, the long-range
Cooper pair charge kink would not feel the heterogeneity.

Several experiments [71, 74-81] have shown that in thin superconducting films, disorder
creates a droplet-like electronic texture (superconducting islands immersed into a standard
matrix). Tuning disorder can drive the system from superconducting to insulating behavior.
Consider an array of superconducting islands, each coupled to its nearest neighbors by
Josephson weak links. Several parameters are relevant for the quantum phase transitions: the
Josephson coupling energy of the two adjacent superconducting islands (Ej), the charging
energy (E¢), the length of the sample L, and the dimensionless conductance

(7.2)

The inequalities E; > FE¢c and g > 1 lead to the insulator-superconductor transition.
The activation of Cooper pair charge kinks mediates the charge transfer. According to
some experimental and theoretical evidence [71, 74-81] and references quoted therein and
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our results in this work, the long-range Cooper-pair charge kink can spread over several
superconducting islands, and the long-range Cooper pair kinks can be the ultimate charge
carriers. Thus, they can lead to a transition to superconductivity. The extent of the kink is
proportional to the screening length in the system. In some cases, they are equal. At the
same time, much of the picture we have about these materials holds, provided the screening
length in the system exceeds the sample size. So, to satisfy these conditions, the extent of
the kink must exceed the sample size. Hence, this must be a very long-range Cooper-pair
charge kink. The Cooper pair is transferred across the effective junction in the form of a
charge kink spread over the array [82]. Only a long-range kink can be spread over the whole
array. S0, the Cooper-pair charge kink must be a long-range kink.

The conditions for the superconducting and insulator states can be formulated in terms
of the super propagation or localization of the Cooper-pair charge kinks. If the disorder
exponentially localizes the charge kinks, we observe the superinsulator state [80]. On the other
hand, if the charge kinks undergo a regime of super propagation, where the kinks do not feel
the disorder, then we can observe the superconducting state. Consider a Josephson junction
array as that presented in ref. [71]. Our prediction is the following. For 7(E;/Ec)"/? = 2.5,
we start with a kink with a very small extent (Lgg g 0). Then, we keep increasing the extent
of the kink until Lgg = L. This process will lead to an insulator-superconductor transition.
We estimate that this will hold even in the presence of disorder and dissipation. The inverse
process will lead to a superconductor-insulator transition.

8 Discussion

Our results show that the solitary waves are long-range kinks when one of the following
conditions is fulfilled:

« The potential 2/(¢) possesses the property d?U/ d¢2‘¢ e 0.
=¢1,3

¢ Nonlocal electrodynamics rules in the physical system.
e The interaction between the elements of the lattice is described by a Kac-Baker potential.

e The extent of the soliton is of the same order of magnitude as the length of the system
or sample.

This means these kink-like objects can move relatively easily, even in a medium with impurities
and heterogeneity. For example, if these kinks are charged objects, this enhanced propagation
can lead to an enormous increase in conduction.

DNA kinks have been shown to exhibit long-range interactions [12-14]. Thus, they can
have increased mobility. This effect can have biological relevance.

There are magnetic systems where long-range kinks have been observed, and recently, long-
range skyrmions have been studied [83, 84]. In ref. [85], the authors report the experimental
observation of macroscopic quantum tunneling of a fluxon in a long Josephson junction.
These findings have been controversial [86, 87]. Our results show that a normal fluxon can
tunnel through a barrier with a width of the order of 20 m-100 m. On the other hand,
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long-range fluxons supported on the non-local electrodynamics of some ultranarrow Josephson
junctions can cross much wider barriers (Lp ~ 5mm).

Several experimental works have reported the giant enhancement of the quantum tunneling
rate in stacks of Josephson junctions [88, 89]. Some researchers have invoked the presence
of non-local electrodynamics. However, these works have failed to use the fact that these
fluxons are long-range kinks. Our findings indicate that there is still much more room for
improving the macroscopic tunneling rate in these stacks of Josephson junctions. Ordinary
point particles and kinks cannot cross very wide barriers. The fact that standard quantum
tunneling can only be observed in systems with very narrow barriers has been used to discard
quantum effects as an explanation of some transport measurements in charge density wave
materials [90]. The argument is due to experimental evidence, where quantum current
oscillations have been observed in samples as long as several millimeters or even a couple
of centimeters. Our results demonstrate that long-range quantum kinks can tunnel through
very wide barriers or very long structures filled with obstacles.

Charged Cooper-pair kinks have been subject to intense experimental study. If we can
engineer long-range Cooper-pair kinks, this could help the development of new materials
for superconducting technology. In addition, the recently reported extremely long-range
Josephson coupling [72] could indicate that long-range kinks can play an important role
in modern quantum technology.

The exact condition for an effective translational symmetry would be

/Oo dz F(x)¢ps(x — xo) = constant. (8.1)

However, condition (8.1) does not need to be satisfied exactly. That is, exact tuning is not
necessary. Condition (8.1) can also be replaced by

dEp(z0) g, (8.2)

d.l‘()

When the long-range kink tunneling condition is satisfied for every structure with a negative
minimum, a positive maximum, and another negative minimum in F'(x), the kink behaves
as if there are no obstacles in its way. The values of the parameters of F(z) for which
this phenomenon can occur form a continuum set of points in the parameter space. This
phenomenon is robust.

Effective translational symmetry means that flat potential energy is not required. The
function F'(x) in figure 35 is an example that describes a completely disordered medium. The
tunneling condition is satisfied for every region containing two minimums and one maximum.
However, the exact condition (8.1) does not hold. Nevertheless, the long-range kink moves
approximately with constant velocity from point x = 25 to point x = 100, an interval where
the medium is completely disordered. Figure 36 shows the effective potential energy for a
long-range kink with n > 1 moving in a medium with five localized impurities located at
points x = —6, x = =2, x = 0, x = 2, and x = 6. This is a striking example of an almost
exactly-satisfied condition for “effective translational symmetry”.

Combining the BPS property with the long-range property can lead to perfect long-
range kink propagation. For instance, consider a real system where the BPS condition is
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Figure 36. Effective translational symmetry. Potential energy for a long-range kink with n > 1 in a
medium with five localized impurities. Here, zq is the position of the kink.

approximately satisfied. Consider also that the system supports the existence of long-range
kinks. Then, the kink may move freely through the medium despite the impurities. Moreover,
the low-velocity adiabatic motion condition can be dropped.

9 Conclusions

We have investigated very general perturbed Klein-Gordon equations that can support
kink-like solutions. We have found general conditions for the existence of long-range kinks.
External fields and heterogeneity in the parameters of the system can create potential wells
and barriers for the motion of the kinks. Under certain conditions, the kink can tunnel
through the barrier even when the initial energy of the kink is less than the height of
the energy barrier. When the moving object is a long-range kink, it can cross very wide
barriers. Some long-range kinks can move in a completely disordered medium as if there
are no obstacles there. The phenomena reported in this work can be observed and used to
design new technologies in several physical systems, like conducting polymers, charge density
waves, long Josephson junctions, Josephson junction arrays, DNA, proteins, superconductors,
superinsulators, topological superconductors, and insulators, among others.
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